⊥ , with singularities at the complex points. We give an explicit formula of this residue in a particular case. When (N, I, J, K, g) is a hyper-Kähler manifold and M is an I-complex closed 4-submanifold, the first Weyl curvature invariant of M may be described as a residue on the J-Kähler angle at the J-Lagrangian points by a Lelong-Poincaré type formula. We study the almost complex structure J ω on M induced by F .
Introduction
The role of the complex and anti-complex points on the topology-geometry of closed non-complex minimal surfaces immersed into complex Kähler surfaces has been studied in [28] , [9] , [8] , and [31] . In these papers, it is proved that the set C = C + ∪ C − of complex and anti-complex points is a set of isolated points, and each of such points is of finite order. The order of the complex and anti-complex points is defined as a multiplicity of a zero of (1 ± cos θ), where θ is the Kähler angle, and adjunction formulas were obtained in [28] , [8] and [31] : The proofs of these formulas come, respectively, from the following PDEs of second order on the cosine of the Kähler angle, with singularities at complex and anti-complex points:
∆ log 1 + cos θ 1 − cos θ = −Ricci N (e 1 , e 2 ), (1.4) where K M and K ⊥ are respectively the Gaussian curvature of M and the curvature of the normal bundle N M , and e 1 , e 2 is a direct orthonormal frame of M . Therefore, (1.1) and (1.2) are formulas that describe some polynomials of topological invariants of the immersed surface, normal bundle and ambient space, as residue formulas of certain functions that have singularities at those special points.
In higher dimensions, the papers [17] , [29] , [30] show how Pontrjagin classes and Euler classes of a closed (generic) submanifold M of a complex manifold (N, J) are carried by subsets of CRsingular points, that is, points with sufficiently many complex directions. The investigation of complex tangents on a m-dimensional submanifold M embedded into a Kähler manifold N of complex dimension m is very much justified, by the well known embedding theorem of Whitney. More generally, if N has a calibration Ω of rank m (see definitions in [12] ) and M is not Ω-calibrated we may expect that Ω-calibrated points may have a similar role ( [21] ). Minimality of M should guarantee the order of such points to be finite.
In [13] , [14] a general framework is shown to obtain this sort of geometric residues, inspired by the above examples. Given two Riemannian vector bundles (E, g E ), (F, g F ) over M , of the same rank m, with Riemannian connections ∇ E and ∇ F , and a bundle map Φ : F → E, degenerated at a set of points Σ, we may compare a m-characteristic classe Ch of E and the one of F , describing these invariants using the curvature tensors with respect to ∇ F and ∇ E , via Chern-Weil theory. Φ induces on F a singular connection ∇ ′ = Φ −1 * ∇ E , Riemannian for a degenerated metric, and that makes Φ a parallel isometric bundle map, but R ′ and Ch(R ′ ) can be smoothly extended to Σ by the identities R ′ (X, Y, Z, W ) = g E (R E (X, Y )Φ(Z), Φ(W )), Ch(R ′ ) = Ch(R E ). The difference Ch(R ′ )−Ch(R F ) is of the form dT where T is a transgression form with singularities along Σ. If Σ is sufficiently small and regular, the Stokes theorem reads M ∼Vǫ(Σ) dT = − ∂Vǫ(Σ) T , where V ǫ (Σ) is a tubular neighbourhood of Σ of radius ǫ, and letting ǫ → 0 may describe Ch(E)− Ch(F ) as a residue of T along Σ and expressed in terms of the zeros of Φ.
Inspired in this framework, the present paper shows some formulas of the type (1.3)-(1.4) for 4-dimensional submanifolds of certain Kähler manifolds. As we will see, to workout such formulas in dimension > 2 is considerably more difficult then in the surface case.
We study the set C of complex points and the set L of Lagrangian points of non-holomorphic and non-Lagrangian immersed submanifolds F : M → N of real dimension 2n of a Kähler-Einstein (KE) manifold of complex dimension 2n, namely if F is immersed with equal Kähler angles (e.k.a.s). A natural bundle map Φ : T M → N M , Φ(X) = (JX) ⊥ , is defined and was first used by Webster. Φ is degenerated at points with complex directions, and has maximum norm at Lagrangian points, where it is an isometry. If F has e.k.a.s, Φ is conformal with Φ(X) 2 = sin 2 θ X 2 where θ is the common Kähler angle, and away from L, one can define smooth almost complex structures J ω on M and J ⊥ on the normal bundle N M that are naturally inherited from the ambient space, and they coincide with the induced complex structure at complex points. These almost complex structures, with the Kähler angle, will be fundamental for our formulas. In section 3, if n = 2 we study J ω .
If n = 2 and (N, J, g) is Ricci-flat KE, M is a Cayley submanifold if it is minimal and with equal Kähler angles. If N is Calabi-Yau these Cayley submanifolds are calibrated by one of the S 1 -family of Cayley calibrations ( [12] , [16] ). The Cayley calibrations Ω do not specify the complex or the Lagrangian points, but induce a natural isomorphism Ω M : In Section 4 we prove that complex and Lagrangian points of a n-submanifold with parallel mean curvature are zeros of a system of complex-valued functions that satisfy a second-order partial differential system of inequalities of the Aronszajn type, and so, if the submanifold is not complex or Lagrangian, they are zeros of finite order. These inequalities are obtained from some estimates on the Laplacian of the pull-back of the Kähler form of N by F , and on the Laplacian of Φ : T M → N M . Furthermore, the sets C and L have Hausdorff codimension at least 1, and if M is closed and n = 2, L is a set of Hausdorff codimension at least 2.
In Section 5 we prove the following residue-type formula, in the same spirit as formulas (1. and f i is a nonnegative continuous function, smooth on V ∼ C, such that ∇f i exists as a positive C µ function on all V , with µ ≥ r i + 2 and the flow of X f i = ∇f i ∇f i 2 can be extended to G t 0 = {(p, w) ∈ N Σ i : w < t 0 } as a C µ+1 diffeomorphism ξ : G t 0 → V . That is, X f i is a multivalued vector field at points p ∈ Σ i , with sublimits spanning all T p Σ ⊥ i and for each u unit vector of T p Σ ⊥ i it is defined an integral curve γ (p,u) (t) = ξ(p, tu) with γ (p,u) (0) = p and γ ′ (p,u) (0) = u c(p) , where c(p) = ∇f i (p). This flow map ξ defines for each sufficiently small ǫ > 0 a diffeomorphism from C ǫ = {(p, w) ∈ N Σ i : w = ǫ} onto f −1 i (ǫ). Furthermore, for each sufficiently small coordinate chart y of Σ we have a Farmi-type coordinate chart x of V of class C µ+1 , extending y and satisfying f i = x 2 d i +1 + . . . + x 2 4 (see Prop. 5.8) . Examples of such functions f i are the distance function σ to a submanifold Σ i . Let π : N 1 Σ i := C 1 → Σ i , π(p, u) = p, and S(p, 1) the unit sphere of T p Σ ⊥ i ⊂ T p M . For u ∈ S(p, 1) and X ∈ T p M , set X ⊥u = X − g(X, u)u, and define ς(u)(X) = (∇ uX ) ⊥ ∈ T p M whereX is any smooth section of T M withX p = X. In section 6 we prove that if M is a J-complex submanifold and N is Ricci-flat, then (1.5) still holds. Moreover, if c 1 (M ) = 0, then If N = (N, I, J, K, g) is hyper-Kähler (HK) of complex dimension 4, and M is an I-complex submanifold of complex dimension 2, then, considering on N the complex structure J, M is a Cayley submanifold with a J-Kähler angle θ that can assume any value. Furthermore, M has a hyper-Hermitian structure (M, I, J ω J , J ω K , g), defined away from totally complex points. More generally, if M is an "I-Kähler" Cayley submanifold of a Ricci-flat Kähler 4-fold (N, J, g), i.e., locally on a open dense set of M ∼ L, a smooth Kähler structure I exists and that anti-commutes with J ω , then we conclude (in subsection 3.2) that the J-Kähler angle θ also satisfies the PDE ∆ log cos
where s M is the scalar curvature of M . If M is closed, this is a residue-type formula for the first curvature invariant of Weyl of M ,
terms of the zero set Σ of cos θ, which is the set of the the J-Lagrangian points L of M . We prove in section 7: 
If I does not exist globally on M , we still can obtain a residue formula under some conditions, and a removable high rank singularity theorem (see Proposition 7.1 and Corollary 7.1).
In section 8 we give some examples of complete non-linear Cayley submanifolds of (R 8 , J 0 , g 0 ),
with no complex J 0 -points, with only one complex point, with a 2-plane set of complex points, or with a 2-plane set of Lagrangian points. They are all holomorphic for some other complex structure of R 8 . We also observe that all submanifolds, and in particular coassociative ones, that are graphs of maps f : R 4 → R 3 , do not have J 0 -complex points.
The Kähler angles
We recall the notion of Kähler angles introduced in [22] , [23] and [26] for an immersed 2m-submanifold F : M → N of a Kähler manifold of complex dimension 2n where m ≤ n. We denote by J and g the complex and Hermitian structure of N and ω(X, Y ) = g(JX, Y ) its Kähler form. Let N M = (dF (T M )) ⊥ be the normal bundle and denote by ( ) ⊥ the orthogonal projection of
, such that cos θ 1 ≥ . . . ≥ cos θ m ≥ 0 and {±i cos θ α } α=1,...,m are the eigenvalues of the complex extension F * ω to T c p M . Polar decomposition of the endomorphism (F * ω) ♯ = |(F * ω) ♯ |J ω where ♯ is the usual musical isomorphism, defines a partial isometry J ω :
smoothly on a neighbourhood of each point of O. The complex frame
We will use the greek letters α, β, µ, . . . and their conjugates to denote both the integer in {1, 2, . . . , m} it represents or the corresponding complex vector of T c M above defined in (2.1). If M is orientable then C + and C − , are the set of points such that cos θ α (p) = 1 ∀α, and respectively, J ω defines the same or the opposite orientation of M . The eigenvalues cos θ α are only locally Lipschitz on M , while the product 2ǫ(p) cos θ 1 . . . cos θ m = F * ω m , V ol M is smooth everywhere, where
Let ω ⊥ = ω |N M be the restriction of the Kähler form ω of N to the normal bundle N M , and (ω ⊥ ) ♯ = |(ω ⊥ ) ♯ |J ⊥ be its polar decomposition. We define the following morphisms
, and Φ(X) = 0 iff {X, JX} is a complex direction of F . Similarly for ω ⊥ and Ξ. Φ :
Xα sin θα )}, where α are s.t. sin θ α = 0, diagonalize ω ⊥ , and so 2n = 2m + t − s, and for A = α+ t − s, σ A = θ α are the the non-zero Kähler angles of N M . That is, T M and N M have the same nonzero Kähler angles, and they have the same multiplicity. Only the eigenvalues ±i of (F * ω) ♯ and of ω ⊥ may or not exist and may appear with different multiplicity, t and s, respectively. Set E α = span{X α , Y α }, F A = span{U A , V A }, and P Eα , P F A the corresponding orthonormal projections of T M and N M . We use the Hilbert-Schmidt inner products on tensors and forms. We have
We denote by ∇ both Levi-Civita connections of M and N or F −1 T N , if no confusion exists, otherwise we explicit them by ∇ M and ∇ N . We take on N M the usual connection ∇ ⊥ , given by ∇ ⊥ X U = (∇ X U ) ⊥ , for X and U smooth sections of T M and N M ⊂ F −1 T N , respectively. We denote the corresponding curvature tensors by R M , R N and R ⊥ . The sign convention we choose for the curvature tensors is 
where
If (E, g E ) is a Riemannian vector bundle and T, S : T M → E are vector bundle maps, we define a 2-form T ∧ S by
From the symmetry of ∇dF ,
Gauss, Ricci and Coddazzi equations: For
Proof. We take smooth vector fields X, Y of M such that at a given point p 0 , ∇Y (p 0 ) = ∇X(p 0 ) = 0, and assume also that ∇e i = 0 at p 0 . Then at p 0
obtaining the expression ∆F * ω of (v). Finally we prove (vi). From Ξ(U ) + ω ⊥ (U ) = JU , and
Therefore, using (2.5), and (i),
Cayley submanifolds
We assume m = n and that F : M 2n → N 2n has equal Kähler angles (e.k.a.s), that is θ α = θ ∀α and we denote by L = L n . In this case Φ and Ξ are conformal bundle maps and
The Ricci tensor of N can be expressed in terms of the frame (2.1) as (see [23] )
valid at all points p ∈ M , and U, V ∈ T F (p) N . We have 
) is a parallel homothetic morphism.
is closed and co-closed 1-form (and so harmonic) iff
(5) If F has parallel mean curvature then
Proof.
(1) follows from Lemma 2.1, (2) from differentiation of (2.2), (3) and (4) are consequence of [24] and Lemma 2.1 (ii) and (iii), and (5) follows directly from Lemma 2.1., (3.4) and the
Now we assume n = 2. Four dimensional submanifolds of any Kähler manifold of complex dimension ≥ 4, immersed with equal Kähler angles, are just the same as submanifolds satisfying * F * ω = ±F * ω.
Since pointwise F * ω is self-dual or anti-self-dual, and is a closed 2-form, then it is co-closed as well. In particular it is an harmonic 2-form. This is not the case of n = 2, unless if θ = constant (see [24] , or next lemma 3.1 (2) ω ∧ ω + Re(ρ), where ρ is one of the S 1 -family of parallel holomorphic volumes of N ( [12] ). Calabi-Yau 4-folds are Spin(7) manifolds. So, locally on N there is a section {e 1 , . . . , e 8 } of the principal Spin(7)-bundle of frames of N defined on a open set U of N , and that at each point p ∈ U , defines a isometry of T p N onto R 8 such that Ω looks like (see [16] )
From this equation we see that the subspaces spanned by e 1 , . . . , e 4 and e 5 , . . . , e 8 are Cayley subspaces. We note that we use the opposite orientation on Cayley subspaces that Harvey and Lawson do in [12] , and the calibration they use is given by
and so −Ω ′ and Ω differ on the chosen parallel holomorphic volume, giving opposite fase on the special Lagrangian calibration. In [12] it is proved that Spin(7) acts transitively on the grassmannian G(Ω) of Cayley 4-planes of R 8 and the isotropic subgroup of a Cayley subspace [12] how K is embedded in Spin (7)). Thus, we can assume that B = {e 1 , e 2 , e 3 , e 4 } and B ⊥ = {e 5 , e 6 , e 7 , e 8 } are direct o.n. basis of T p M and N M p respectively. We identify isometrically in the usual way bivectors with 2-forms. So J B 1 = e 1 ∧ e 2 + e 3 ∧ e 4 , J B 2 = e 1 ∧ e 3 − e 2 ∧ e 4 , and J B 3 = e 1 ∧ e 4 + e 2 ∧ e 3 defines a direct o.n. basis (of norm
We define a bilinear map: In particular, p 1 (
We will see in section 5 that this equality still holds for the case of M Cayley but N only a Ricci-flat Kähler manifold. In this case, we cannot guarantee the existence of a global isomorphism between the two bundles. If M were calibrated for Ω ′ we would obtain a global orientation preserving isometry bundle map between the vector bundles For simplicity of notation we denote by
Recall the Weitzenböck operator of 2 T * M applied to F * ω is given by
where e i is an o.n.b. of T p M , and R is the curvature operator on 
(11) For n = 2, H = 0, and N Ricci-flat, ∆ cos 2 θ = SF * ω, F * ω + ∇F * ω 2 .
Proof. All formulas are somewhere proved in [24] . We only need to check (4) and part of (8) .
Since 2nH = µ 2∇ µ dFμ + µ 2∇μdF µ and ∇dF is symmetric, by (2.6)
For n = 2, from (2), δF * ω = 0 and so if F is minimal by (4),
Consequently
Proposition 3.3. If n = 2 and F : M → N is a submanifold with e.k.a.s, then
and if F is a Cayley submanifold, then g X 22 = −g X1 1.
obtaining the first equality in (2) . Similar for d cos θ(2). Lemma 3.1 (7)(8), and minimality of F imply −2g X 11 + 2g X1 1 = id cos θ(X) = µ −2g X µμ = −2g X 11 − 2g X 22 and we get (3). 
If F is J ω -pluriminimal then cos θ = constant. 
Consequently we have:
with (Z, X) → ∇ Z J ω (X) symmetric. But then dω M = 0. By (3.12) we get ∇J ω = 0, and we have proved (1) .
and for n = 2, α, β, γ must have repeated vectors, so, 0
and we have proved the first 3 equivalences of (2). The last one comes from lemma 3.1(3).
If ∇J ω = 0 then δJ ω = 0. Thus, by (2) cos θ is constant, and by Lemma 3.1(1) ∇F * ω = 0 and (3) is proved. The integrability of J ω is equivalently to the vanishing of the tensor:
Recall that pluriminimality implies cos θ = constant ( [24] ). Now we prove (A). If J ω is integrable and cos θ is constant, by (2) and ( 
Remark. As an observation, we conclude that if R = 0 and M is compact immersed with e.k.as and with almost Kähler J ω (i.e. dω M = 0), then M is Kähler, confirming the Goldberg conjecture in this case. In fact, from previous proposition we have θ constant, and so theorem 1.2 of [20] concludes that J ω is Kähler.
n. basis of F * ω at the point p ∈ M , and let ǫ(p) ∈ {−1, +1} be the sign of this basis (well defined for p / ∈ L), and if p ∈ M ∼ C, we denote by ǫ ′ (p) the sign of the basis
sin θ diagonalizes ω ⊥ , and has the same orientation as B ′ . 
Proof. From (2.3) Φ is a J ω −J ⊥ -anti-holomorphic morphism, and so it preserves the orientations.
we choose. Now we prove that A Φ > 0 holds for any T p M with e.k.a.s with cos θ = 1. We consider the strictly decreasing continuous curve, a : [0,
cos(t) , a(0) = 1, and a( π 2 ) = 0. We may identify T p N with V = R 4 × R 4 , with complex structure
We consider the family of maps, for t ∈ [0,
, where J ω is a fixed g 0 -orthogonal complex structure on R 4 . For each t, Γ t is an isomorphism of R 4 onto a subspace E t = Γ t (R 4 ) with e.k.a θ = ( π 2 − t) and complex structure J ω (see [20] ), giving a continuous curve of subspaces starting from a Lagrangian subspace E 0 = value 1 at t = 0. Thus it remains positive on [0, π 2 [. Now, all subspaces E of dimension 4 of V that have the same Kähler angles are the same up to a unitary transformation of V , ( such transformation maps a diagonalising basis of E and of E ⊥ into the corresponding ones of E ′ and E ′⊥ , see [20] or [26] ). This proves
Recall that a hyper-Kähler manifold is a Riemannian manifold (N, g) endowed with two Kähler structures I, J that anti-commute, IJ = −JI. Then I, J, K := IJ define a family of Kähler structures indexed on 
) is hyper-Kähler, and
(1) follows immediately from Lemma 3.2. Each of the 2-forms η ± = F * ω ± * F * ω is harmonic and so, if not identically to zero, its zero set has empty interior. This implies that one of the η ± must vanish identically. Thus, we may choose the orientation of M s.t. F * ω is self-dual on all M , and so J ω defines the orientation of M . From Lemma 3.2 J ⊥ defines the orientation of N M . Now we prove (2). First we recall that for any x, y ∈ S 2 J x J y = J x·y = − x, y Id + J x×y . Let B = {e 1 , e 2 , e 3 , e 4 } = {X,
A basis for the self-dual 2-forms on M is given by
(3.14)
Then we see that
proving that F * ω y is self-dual. In particular M is a Cayley submanifold (see also [21] ).
A particular case
Let us first assume that N is an hyper-Kähler (HK) manifold (N, I, J, K, g) of complex dimension 4, where I and J are g-orthogonal Kähler structures on N that anti-commute and K = IJ. If M is an I-complex submanifold of complex dimension 2, then from Prop.3.5 M is a J-Cayley submanifold of N . Let ω J be the Kähler form of (N, J, g). Then F * ω J ♯ = cos θ J J ω J . Similar for K. We are going to describe an o.n. basis that diagonalizes F * ω J and ω ⊥ J that we use in [2] and [25] . Let p ∈ M and X ∈ T p M be a unit vector and H X = span{X, IX, JX, KX}. Since T p N is a vector space of dimension 8 and
k , where ǫ = sign c (if c = 0 take ǫ = 1) (see (3.14) ). Consequently, the hyperHermitian structure on T M defined by the orientation determined by I is given by {I,
, that is, away from totally complex points, i.e. points with c = 0, (see next remark).
Remark. A convenient multiple of the m-power of the fundamental 4-form Ω gives a calibration ( [27] ). Then we may define a quaternionic angle for any 4m-dimensional submanifold. The Ω-angle of a complex 4-submanifold (in the sense of quaternionic-Khaler geometry) is given by and 1. The first extreme value corresponds to a totally complex point, that is a point s.t. T p M is I-complex and J-Lagrangian, for a local almost hyper-Hermitian structure I, J, K = IJ of N . The other extreme value corresponds to a quaternionic point, a point s.t. T p M is a quaternionic subspace of T p N , or equivalently T p M is I and J -complex. Now we return to the general case of (N, J, g) being a Ricci-flat KE 4-fold and F : M → N an immersed 4-submanifold with e.k.a.s. For each non J-Lagrangian point p and local almost complex structure I on M orthogonal to J ω we can find a local basis Z α1≤α≤2 defined by (2.1) satisfying
In this subsection we are going to assume that for each p 0 ∈ M ∼ L a Kähler complex structure I orthogonal to J ω exists on a open dense set O of a neighbourhood of p 0 , and we will say that M is I-Kähler. Then (see e.g. [9] , [18] ) we have the following orthogonal decomposition w.r.t. I on O:
where ω I denotes the I-Kähler form on O. Moreover any real self-dual harmonic 2-form ζ orthogonal to ω I (for the Hilber-Schmidt inner product) is of the form ζ = ϕ +φ where ϕ is a holomorphic (2, 0)-form over O.
away from the zero set of ζ. If we take ζ = F * ω J we conclude: proof. Since J ω and I anti-commute and I is parallel on M , then (
From Prop.3.4(4) and the above formula (3.21) we conclude that
, that is, iff cos θ is constant. This condition turns out to be equivalent to J ω to be Kähler, by Prop.3.4(A).
.
Complex and Lagrangian points
In this section we will study the nature of the complex and the Lagrangian points of a submanifold F : M 2n → N 2n immersed with parallel mean curvature and with e.k.as. We introduce some natural complex vector subbundles F + and F − of F −1 T N , over M ∼ L, that generalizes to higher dimensions the special complex vector subbundles defined for immersed real surfaces into Kähler surfaces given in [8] . Namely, for each point p ∈ M ∼ L, we define the J-complex vector subspaces of
and the linear morphisms, over M ∼ L,
(X ± JJ ω X), being Ψ + a complex morphism, while Ψ − is an anti-complex one, both conformal:
In particular Ψ + is an isomorphism over M ∼ L, what implies F + to be smooth of real rank 2n. Thus, the same holds for F − . Denoting the decompositions
Note that, w.r.t the complex structure J, T 1,0
Let p a non Lagrangian point, and X α , Y α = J ω X α a diagonalising o.n. local frame of F * ω, on a neighbourhood of p and let Z α = α as in (2.1). Note that Z α ∈ T 1,0 M with respect to J ω . Define some local complex maps
(1 + cos θ) δ αβ 2 , and similar for v. Recall that for matrices, AĀ t = D, where D is a real diagonal matrix, implies
Now we obtain some estimates:
Thus, the estimate of |v µρ | in Lemma 4.1 and that Φ 2 = 4 sin
and from (2.6) we obtain (4.5).
Proposition 4.1. Assume F with parallel mean curvature and e.k.as.
Proof. Note first that by the expression of ∇ Z F * ω in (2.6), we have ∇F * ω , δF
Therefore, by Lemma 4.2 and Lemma 4.1, we conclude that L(µ) ≤ C Φ , and we have proved that
Φ is an isometry and is smooth so the inequality also holds. Again by Prop.3.1(5),
In order to conclude from Proposition 4.1 that complex points and Lagrangian points are zeros of finite order of Φ and F * ω respectively, we need to translate some inequalities of Aronszajntype for vector bundle maps to similar inequalities for the components. If ψ is a r-form on M with values on a Riemannian vector bundle E over M , the Weitzenböck formula reads
where e i is any o.n. frame of M and S(ψ) is the Weitzenböck operator on r T * M ⊗ E. Assume M is a connected Riemannian manifold, and E A is a finite family of Riemannian vector bundles over M , and ∀A, 
A,α and applying Weitzenböck formula to ψ A ,
Consequently, there exists constant
A common zero of infinite order of {ψ A } is a common zero of infinite order of the family {a α B,σ }, and the lemma follows from last remark of [3] . . Proof. See, for example, a proof in [5] .
Since the zeros of infinite order of Φ (resp. F * ω) are zeros of infinite order of sin 2 θ (resp. cos 2 θ), and that we call by complex points (resp. Lagrangian points) of infinite order, the above estimates in Prop.4.1, Lemma 4.3 and Prop.4.2 leads to the conclusion (1) and (2) Proof. (3) If n = 2 and F has e.k.as then F * ω satisfies DF * ω = 0 where D = d + δ is the usual Dirac operator for forms on M , from [5] we obtain the result. .
Remark. In case (3) F * ω is an harmonic self-dual 2-form. It is known that the zero set of generic harmonic self-dual 2-form, is a disjoint union of curves diffeomorphic to S 1 .
5 A residue-type formula
Curvature tensors and characteristic classes
Recall that if (E, g, ∇ E ) is a rank k Riemannian vector bundle over a Riemannian manifold M of dimension 4, the first Pontrjagin class p 1 (E) can be represented in the cohomology class H 4 (M, R) by the 4-form defined by using the curvature tensor
], of a manifold M of dimension n embedded in a Euclidean space, that appear in its formula on the volume of a tube of radius r about M . These invariants are defined in the same way for any Riemannian manifold M (see e.g. [11] ). For c = 1, and c = 2 they are respectively
where R M is the Hilbert-Schmidt norm of R M as a 4-tensor. Thus, for dim(M ) = 4, κ 4 reads the Gauss-Bonnet formula 1 4π 2 κ 4 (M ) = X (M ) (see e.g [6] ).
If E and F are vector bundles over M and T : T M → E a 1-tensor, l : E × F → R M and
If R is symmetric (resp. skew symmetric), then so it is l(T ∧ R). We also recall the KulkarniNomizu operator, a symmetric product for two 2-tensors φ, ξ
Assume (E, g E ) is a Riemannian vector bundle with a Riemannian connection ∇ E . The curvature tensorR of T M * ⊗ E is given by
where 
Proof. Using Φ • Ξ = −hId E , (1) and (5) We consider the degenerated metric on M ,ĝ(X, Y ) = g E (Φ(X), Φ(Y )), and singular connection
It is a Riemannian connection w.r.tĝ. Since Φ is conformal thenĝ = hg. Let∇ denote the Levi-Civita connection of (M,ĝ), ϕ = log h, and set
where ϕ X = dϕ(X). Then S =Ŝ +S ′ , and
, that is given by Φ(R E ), i.e.
may not be a curvature-type tensor. The Bianchi map for R : 
Proof. Using the fact that R M satisfies the first Bianchi identity and lemma 5.1(3) gives
Now we have from symmetry of R M ,
5.2 Proof of (1.5) of Theorem 1.1
If N is KE with Ricci N = Rg, (3.4) says that
Note that JX = (JX) ⊤ + (JX) ⊥ = cos θJ ω (X) + Φ(X), and so
(5.8) The Gauss and the Ricci equations (2.8)-(2.9) gives
We have for A, B ∈ T c p M
Using lemma 3.1 applied to the above equation we have
Proof. This is a long but straightforward proof using lemma 3.1(5)(6)(8) and (3.3). We only prove one of the equalities, for the other ones are similar.
The two previous lemmas, (5.7) and (5.8) give us
Furthermore, α R ⊥ (Φ(α), Φ(ᾱ)) = α sin 2 θR M (α,ᾱ). 
Proposition 5.4. If F : M → N is a non-J-holomorphic Cayley submanifold and N is Ricciflat, then (1.5) holds, that is
5.3 Proof. of (1.6) of Theorem 1.1
Since ∇ ′ is aĝ-Riemannian connection, and ∇ ′ =∇+ S ′ , by Theorem 1.1 of [25] , we have
whereR M is the curvature tensor of (M,ĝ = hg), and
The inner product , ĝ is the usual inner product on 2 T M , defined w.r.t.ĝ. So we will compute all the terms in (5.11).
Let ϕ = log h. The letters A, B, ... denote vector fields X, Y, Z, ∇ϕ or e A , ..., and we denote by
The gradient ∇ϕ is w.r.t. g. From lemma 5.1,
We easily derive
Now we have
Since ∇ ′ is aĝ-Riemannian connection and
, and so, the same holds w.r.t. g. Let e i be a g-o.n. basis of T p M . We have
We consider from now on T M with the metric g, and from a tensor
Proof. Since ̺(Y, Z, e i , e j ) is skew symmetric on (e i , e j )
From previous lemma and (5.13) we obtain for any 2-tensor ξ
Thus
Lemma 5.5.
Using (5.13) and the fact that g(S ′ (X, e i ), e j ) is skew symmetric on (i, j) we have, after interchanging i with j in some terms,
(5.23)
The last two terms of (5.27) cancel with the last two of (5.28). From (5.14), (5.15) and (5.16)
that we replace in (5.25), and
, ∇ϕ) that we replace in (5.24) and (5.26). We also have ∀ij 
(5.32)
we will replace in (5.35). Moreover
(5.36) Therefore,
Proposition 5.5.
(5.39)
Proof. Let e i a g-orthonormal frame of T M . Thenê i is aĝ-orthonormal frame. We have
(5.43)
We assume that at a given point
g(X, Y )∇ϕ, and similarly for the other vector fields. The following computations are computed at p 0 .
Applying eqs (5.44),(5.45), (5.46) and (5.17) we get
(5.50) We also have using (5.14)(5.16) 
Thus, 
(5.63)
Now, 
Note that
equality, and recall that +
Using (5.13)
Thus,
(5.67)
what proves the Proposition. Proof. To prove (1.6) we note that from (1.5) and (5.1) and Corollary 5.1 
and so the characteristic classes induced by (R ⊥ , g) are the same has the ones induced by (R M , g). We could also check directly from Φ A BC = 
Homogeneous complex points
Let us assume that F : M → N is a compact Cayley submanifold, and let η be the 3-form on M ∼ C defined as in (1.7). Since C is the zero set of sin 2 θ, that has only zeros of finite order, this set as some regularity. Indeed, by the Malgrange's preparation theorem for smooth functions with zeros of finite order, locally we can find a coordinate chart x = (x ′ , x 4 ) onto an open set U of R 4 such that sin 2 θ can be written as h(x)( 0≤a≤k−1 w a (x ′ )x a 4 + x k 4 ), where h never vanish on U and w a vanish of order k − a at 0. Thus, the zero set of sin θ can be locally parametrised as Σ = {x = (x ′ , x 4 ) : 0≤a≤k−1 w a (x ′ )x a 4 + x k 4 = 0}. This set represents the zeros of a polinomial function on the variable x 4 , with coeficients on the variable x ′ , so it is, in general, still quite complicate to handle. A simpler case is when we have a polinomial function of the type (x 2 d+1 + . . . + x 2 4 ) k ′ = 0, as is it is the case with k ′ = 1, of x a Farmi coordinate chart of a submanifold Σ of dimension d.
Assume now f is a nonnegative continuous function defined on a open set V of M containing Σ = f −1 (0) and smooth on V ∼ Σ. For each ǫ > 0 sufficiently small define
For a dense set of regular values ǫ, C f (Σ, ǫ) is a smooth hypersurface and is the boundary of cl(V f (Σ, ǫ)) and for each q ∈ C f (Σ, ǫ),
In case of Σ is a smooth hypersurface of M , f is smooth on V , and ∇f does not vanish on Σ, then for ǫ sufficiently small, C f (Σ, ǫ) is connected, diffeomorphic to Σ, and converges (in the Lebesgue sense) to Σ and M ∼ V f (Σ, ǫ) to M when ǫ → 0. To see this let ρ : M → [0, 1] be a smooth map s.t. ρ values 1 on V f (Σ, 2r) and zero away from V f (Σ, 3r) for r sufficiently small, and let ξ t : M → M be the one parameter family of diffeomorphisms generated by the vector field globally defined on M , X f = ρ ∇f ∇f 2 . Then, there exist ǫ 0 , δ > 0 such that ∀|t| < ǫ 0 and q ∈ V f (Σ, δ), ξ t (q) ∈ V f (Σ, 2r), and so
. That is f (ξ t (q)) = t+f (ξ 0 (q)) = t+f (q). In particular ∀0 < ǫ < ǫ 0 , p ∈ Σ, and q ∈ C f (Σ, ǫ), f (ξ ǫ (p)) = ǫ and f (ξ −ǫ (q)) = 0. This means that ξ ǫ|Σ : Σ → C f (Σ, ǫ) is a diffeomorphism with inverse ξ −ǫ . Let ϑ(ǫ) andθ(ǫ) be the coefficients of dilatation of ξ ǫ and ξ ǫ | Σ . From ξ 0 (q) = q, ∀q, we easily see that both ϑ(ǫ)(q) → 1,θ(ǫ)(p) → 1, when ǫ → 0. Moreover if η(Φ) can be defined as an L 1 -form along Σ, then (5.68) = − Σ η(Φ). Unfortunately the case Σ a hypersurface is the least interesting, for, non J-complex Cayley submanifolds of R 8 cannot have C as an analytic hypersurface [12] .
A key example is of f = σ the intrinsic distance function to a smooth submanifold Σ of dimension d, σ(q) = d(q, Σ) = inf p∈Σ d(q, p). In this case, ∇f is not well defined at each point p ∈ Σ, but ∇f = 1, everywhere. In fact ∇f it is multivalued, with sublimits all unit normal vectors to Σ in M . Nevertheless the flow can be smoothly extended to Σ, in all directions of T p Σ ⊥ . We explain as follows. Let N Σ denote the total space of the normal bundle of Σ in T M and N 1 Σ the spherical subbundle of the unit orthogonal vectors. For each ǫ > 0 let
For 0 < ǫ ≤ ǫ 0 , with ǫ 0 sufficiently small, the restriction of the exponential map of M , exp :
is its boundary. For each w ∈ T p Σ ⊥ , γ (p,w) (ǫ) = exp p (ǫw) is the geodesic normal to Σ, starting at p with initial velocity w ∈ T p Σ ⊥ . Thus, s(p, w) := σ(exp(p, w)) = w , is just the Euclidean norm in T p Σ ⊥ . Since N Σ is the total space of a Riemannian vector bundle, then it has a natural Riemannian structure such that π : N Σ → Σ is a Riemannian submersion. The volume element V ol N Σ for such metric satisfies
, where ǫ = w , and S(p, ǫ) is the sphere of
is the coefficient of dilatation that measures the volume distortion by exp in the direction u. It satisfies ϑ (p,u) (0) = 1. We recall the following (see [11] ): (1) ν(q) = ∇σ(q) is the unit outward of C(Σ, ǫ), (3) ds ∧ * ds and dσ ∧ * dσ are the volume elements of N Σ and M respectively. (4) * ds and * dσ are the volume elements of each hypersurface C ǫ of N Σ and C(Σ, ǫ) of M respectively, and exp * ( * dσ)(p, w) = ϑ (p, w ǫ ) (ǫ)( * ds)(p, w), where ǫ = w . The set of sublimits of ∇σ at a point p ∈ Σ is the entire sphere S(p, 1) of T p Σ ⊥ and by (1) and (2) for each u ∈ N 1 Σ, γ (p,u) (t) is an integral curve of ∇σ smoothly extended at t = 0 by p and initial velocity u. The map ξ : 
, smooth for t > 0, that satisfies:
The flow at Σ, ξ : N Σ → V , defined for (p, w) with w < t 0 , by ξ(p, 0) = p, ξ(p, w) = γ (p,u) (ǫ), where u = w w and ǫ = w , is a diffeomorphism of class C µ+1 .
So we have for 0 ≤ ǫ < t 0 , ξ ǫ : 
From (E-2) we have a coordinate system of class C µ+1 of Farmi-type. Let O be an open set of Σ where a coordinate system exist and a d.o.n. frame E d+1 , . . . , E 4 of N Σ. Then for each w ∈ N Σ p , w = d+1≤i≤4 t i E i (p). Define on V ′ the image by ξ of the restriction to O, and an isomorphism τ :
) has at 0 a zero of order r. Thus, for v sufficiently close to 0
. This term does not vanish for some v. If we take u = i≥d+1 t i E i ∈ N 1 Σ p , ǫ small enough, and v = (0, ǫt d+1 , . . . , ǫt 4 ), then
Proof. If X is a vector of T p Σ, we can assume X(p) = γ ′ (0) for some curve γ(t) on Σ. Then 
Proof. There exist someQ of class C µ−r−1 , s.t.
If X p ∈ T p Σ then by Prop. 5.9, B(X, ξ(p, ǫu)) = 0, and ∇ X Φ(ξ(p, ǫu)) = ǫ rQ (ξ(p, ǫu)), and 
Therefore if X p ⊥u,
and if X ∈ T p Σ and X(q)⊥∇f (q) for q near p, 
The last two equalities are proved using the symmetry of Hess log ζ. Now
Proof of Corollary 1.1. For simplicity of notation we assume Σ i = Σ. By (1.6) of Theorem 1.1 and by Lemma 5.8 we have
, where e i ∈ T (ξ(p,ǫu)) C f (Σ, ǫ) is a d.o.n. frame. We take e 1 := ∇f (ξ(p,ǫu)) ∇f (ξ(p,ǫu) the outward unit of C f (Σ, ǫ) at ξ(p, ǫu), and so e 2 ∧ e 3 ∧ e 4 = * ∇f (ξ(p,ǫu)) ∇f (ξ(p,ǫu)) , giving e i a d.o.n. basis of T ξ(p,ǫu) M . Then
. Now, from Propositions 5.9 and 5.10,
. By (5.69), we may take
we get similar expressions, noting for example that if d = 1,Ψ(p, u)(X 1 ) = 0 (see Prop.5.10), and so
Using ( 
J-Kähler submanifolds
Assume M is a Kähler submanifold of N . If E is a rank-4 Hermitian vector bundle over M with a complex structure J E and a unitary connection ∇ E , the curvature is J E -invariant. Let
be a local o.n. frame of E, and Ξ + s defined as J B s in (3.14), and Ξ − s defined in the same way, but replacing E 4 by −E 4 . Let c 1 (E) and c 2 (E) be the first and the second Chern classes of E. Then
If E = T M we denote J E by J, E i by e i , and Ξ ± s by Λ ± s . Then 2πc
). The first equation (6.1) implies that c 1 (E) = 0 iff 2 + E is flat. We also recall that (see e.g. [6] )
Since M is Kähler , N M is a Hermitian vector bundle and ∇ ⊥ is a unitary connection, and
We define for
Ricci ⊥ ∧ Ricci ⊥ (e 1 , e 2 , e 3 , e 4 ).
If we replace R ⊥ by R M the same equalities holds.
(1) Using (6.1)
Similar for the second equality. From (6.3),(6.4), (1) and (5.1), p 1 (
But on the other hand by (6.7) and (6.8) e 2 , e 3 , e 4 ). So we have obtained (2) . (3) Follows immediately from (1), (2) and that denoting by {1, 2, 3} = {Ξ
, where {a, b, c} is a permutation of {1, 2, 3} of signature ǫ. Proof. From (6.5), if c 1 (N ) = 0 then c 1 (M ) = −c 1 (N M ) and so by (6.6) p 1 ( Remark. Part of Prop.6.1 (4) is a particular case of some results in [15] and in [4] .
I-Kähler submanifolds
In subsection 3.2 we saw that if N is an HK manifold of complex dimension 4 and M is an I-Kähler submanifold, then the zero set Σ of F * ω J is the zero set of a globally defined Iholomorphic (2,0)-form ϕ on M . Thus, Σ is a locally finite union of irreducible I-complex hypersurfaces Σ i , and ϕ vanish to order a i along Σ i . Since 2 cos 2 θ = F * ω J 2 = 2 ϕ 2 , cos θ vanish to homogeneous order a i along Σ i . D = i a i Σ i is a divisor of ϕ, and for any closed 2-form φ of M If I does not exist globally on M , we still can obtain a residue formula under some conditions. In [25] we introduced the notion of controlled zero set for a function on M with zero set a submanifold Σ. For each (p, u) ∈ N 1 Σ define 1 ≤ κ(p, u) ≤ +∞ the order of the zero of ϕ (p,u) (r) = cos 2 θ(exp p (ru)) at r = 0. We will say that cos 2 θ has a controlled zero set if there exist a nonnegative integrable function f : As a consequence we have got a removable high rank singularity theorem:
8 Cayley submanifolds of R 8
Complex Cayley graphs
We consider R 8 = R 4 × R 4 , with the euclidean metric g 0 ( in R 4 , and so in R Proof. We only have to apply the above formulas, and the fact that since f is anti-i-holomorphic 
